In this note we explain the use of the cavity method directly at zero temperature, in the case of the spin glass on a lattice with a local tree like structure, which is the proper generalization of the usual Bethe lattice to frustrated problems. The computation is done explicitly in the formalism equivalent to ''one step replica symmetry breaking;'' we compute the energy of the global ground state, as well as the complexity of equilibrium states at a given energy. Full results are presented for a Bethe lattice with connectivity equal to three. The main assumptions underlying the one step cavity approach, namely the existence of many local ground states, are explicitely stated and discussed: some of the main obstacles towards a rigorous study of the problem with the cavity method are outlined.
INTRODUCTION
The cavity method, initially invented to deal with the Sherrington Kirkpatrick model of spin glasses, (1, 2) is a powerful method to compute the properties of ground states in many condensed matter and optimization problems. It was originally developed at finite temperature, but if one is mainly interested in the optimization problem concerning the structure of ground states, it turns out to be easier to apply it directly at zero temperature, where many of the concepts can be explained in a more straightforward way. The aim of this note is to discuss the use of the cavity method at zero temperature. In order to be definite, we will study the concrete case of a spin glass on the Bethe lattice (the precise definition of the Bethe lattice which we use for spin glasses is given in Section 2), although the scope of application of the method is much wider; indeed the best applications of the formalism we present here are those dealing with optimization problems, (3) like for instance the K-satisfiability problem (4) or some of its variants.
The cavity method is in principle equivalent to the replica method, but it turns out to have a much clearer and more direct interpretation, that allows in practice to find solutions to some problems which remain rather difficult to understand in the replica formalism: the replica approach is very elegant and compact, but it is more difficult to get an intuitive feeling of what is going on. Also, the cavity approach deals with usual probabilistic objects, and can lend itself to rigorous studies. (7, 8) We shall present it here at two successive levels of approximation. The first one, corresponding in replica language to the replica symmetric (RS) solution, is an easy one and has already been studied a lot. The main aim of the paper is to explain in some details how one can solve the problems at the level of a ''one step replica symmetry breaking'' (1RSB). For years, this was only possible for systems with infinite range interactions. We have recently found a general procedure allowing to get this 1RSB solution for problems defined on the Bethe lattice, (9) and here we explain in some details its use directly at zero temperature. We shall give an explicit example of this 1RSB solution for the Bethe lattice spin glass with connectivity equal to three.
The paper is organised as follows: in Section 2 we introduce the Bethe lattice spin glass, the basic ideas of iterative techniques, and the main questions which one wants to answer. Section 3 presents the cavity method when one assumes that there is only one local ground state (the RS approximation). The 1RSB solution is described in Section 4. The paper ends with some remarks (Section 5), and is complemented by two appendices: Appendix A shows how the present zero temperature work is connected to the limit T Q 0 of finite temperature analyses, and how this can be used to estimate the validity of a given level of RSB. Appendix B explains how the cavity equations can be interpreted from a variational point of view. Appendix C contains some miscellaneous comments on the definition of the local ground states.
GENERALITIES
We consider an Ising spin glass model on a special class of random lattices which we call Bethe lattice. This is defined here as as a random lattice with fixed connectivity k+1. Such graphs locally look like a portion of a Cayley tree, but they display loops at large distances (of length of
